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1. ff
$C$ Banach $E$ . $C$ $C$ $T$ $C$
$C$ nonexpansive $x,$ $y\in C$
$||Tx-Ty||\leq||x-y||$
. $F(T)$ $\{x\in C : x=Tx\}$ -
Hilbert Ba on [5] : $C$ H $\mathrm{e}\mathrm{r}\mathrm{t}$ $H$
. $T$ $C$ $C$ nonexpansive mapping . $x$ $C$
. , $S_{n}(x)=(1/n) \sum_{k=0}^{n-1}T^{k}x$ $T$ . Bruck [6]
Ba on [5] Fr\’echet Banach
( [17, 19] ). , ,
Hirano, Kido and Takahashi $[11, 12]$
, Lau, Shioji and Takahashi [15]
. , Opial Banach
, Opial Banach , Hirano [10] nonexpansive
mappings , Miyadera and Kobayasi [17]
. [1]
. , Kaczor,
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, $E$ Banach , $E^{*}$ $E$ , $\langle y, x^{*}\rangle$ $x^{*}\in$
$E^{*}$ $y\in E$ - $x_{n}arrow x$ $1$ {x $x$ ,
$\mathrm{w}-\lim$ $x\text{ }=x$ $x_{n}$ $x$
$\mathbb{R}$ $\mathbb{R}^{+}$ ,
$n\infty\vec{\text{ }}fg$ , . , $\mathrm{N}$
Banach $E$ $||x||=||y||=1,$ $x\neq y$ $x,$ $y\in E$
$||x+y||/2<1$ . Banach $E$ ,
$x,$ $y\in E,$ $\lambda\in(0,1)$ $||x||=||y||=||(1-\lambda)x+\lambda y||$ , $x=y$
.
$B_{r}=\{v\in E : ||v||\leq r\}$ . Banach $E$ , $\epsilon>0$
1, , $x,$ $y\in B_{1}$ $||x-y||\leq\epsilon$ , $||x+y||/2\leq 1-\delta$ $\delta>0$
. Banach ,
([21] ). , Banach $E$ G\^ateaux
$x,$ $y\in S_{B}$
$\mathrm{h}.\mathrm{m}\frac{||x+ty||-||x||}{t}tarrow 0$ (1)
. , $S_{E}=\{v\in E : ||v||=1\}$ . $x\in S_{E}$ ,
(1) $y\in S_{E}$ , Banach $E$ Fr\’echet




$y\neq x$ $y\in C$ ([18]). $\Psi\backslash$] Banach
$E$ net{x\mbox{\boldmath $\alpha$}} $\mathrm{w}-\varliminf_{\alpha}x_{\alpha}=x$ $\mathrm{g}$
$\varliminf_{\alpha}||x_{\alpha}-x||<\varliminf_{\alpha}||x_{\alpha}-y||$
$y\neq x$ $y\in C$ ([1] ). Banach
$E$ Kadec-Klee , $E$ {x $\mathrm{w}-\lim_{narrow\infty}x_{n}=x$ ||x $||arrow$
$||x||$ nl\rightarrow im\infty x $=x$ .
Remark 21. Fr\’echet Banach Kadec-
Klee ([8, 21] ). , Fr\’echet 1 ,
Opial Banach , Kadec-Klee
Banach ([8, 18] ).
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, $S$ commutative semigroup . $(S, \leq)$ binary relation
directed system . , $S$
binary relation : $a\leq b$ $a+c=b$
$c\in S$ .
$C$ $C$ $S=\{T(s) : s\in S\}$ (i), (ii) , $S=\{T(s)$ :
$s\in S\}$ $C$ nonexpansive semigroup 1
(i) $T(s+t)=T(s)T(t)$ $t,$ $s\in S$ ;
(ii) $||T(s)x-T(s)y||\leq||x-y||$ $x,$ $y\in C$ $s\in S$ .
$F(S)$ $S=\{T(s) : s\in S\}$ , $F(S)=\cap Fs\in S(T(s))$
, $B(S)$ $S$ Banach ,
supremum-norm . , $X$ $B(S)$ - $\mu\in X^{*}$ , $\mu(f)$
$\mu$ $f\in X$ , $\mu(f)$ $\mu_{t}(f(t))$ . $X$ 1 ,
$X$ $\mu$ $||\mu||=\mu(1)=1$ $X$ mean $\mathrm{f}$
$s\in S$ $f\in B(S)$ , $r_{s}f\in B(S)$
$(r_{s}f)(t)=f(ts)$ , $t\in S$
. $r_{\theta}^{*}$ $r_{*}$ . $X$ $r_{s}$-invariant ,
$r_{s}(X)\subset X$ $s\in S$ . , $s\in S$
$f\in X$ $\mu(r.f)=\mu(f)$ , $X$ mean $\mu$ invariant .
$s\in S$ , point evaluation $\delta_{\theta}$ $\delta_{s}(f)=f(s)$ $f\in B(S)$
. point evaluations $\#_{\backslash }$ $S$ fimite mean $S$
finite mean $B(S)$ 1 $X$ mean .
$C$ Banach $E$ . $S=\{T(t) : t\in S\}$ $C$
nonexpansive semigroup $F(S)$ . $x\in C$
$\{T(t)x : t\in S\}$ . $X$ $B(S)$
$1\in X$ $s\in S$ $r_{s}$-invariant , $x\in C$ $x^{*}\in E^{*}$
, $t\vdasharrow\langle T(t)x, x^{*}\rangle$ $X$ . $x$ $C$ . , $X$
mean $\mu$ $\langle T_{\mu}x,y\rangle=\mu_{s}\langle T(s)x,y\rangle$ $y\in E^{*}$
$T_{\mu}$ : $Carrow C$ ([20, 12]). , $T_{\mu}$ $C$ $C$ nonexpansive mapping
$x\in F(S)$ $T_{\mu}x=x$ .
3.
.
Hirano Kido and Takahashi[11] .
Lemma 3.1. $C$ Banach $E$ , $S=$
$\{T(t) : t\in S\}$ $C$ nonexpansive semigroup . $X$ $B(S)$
$\mathrm{I}\in X$ $s\in S$ $r_{\delta}$-invariant , $x\in C$ $x^{*}\in E^{*}$
, $t\vdasharrow\langle T(t)x, x^{*}\rangle$ $X$ . $x$ $C$ . , $S$ finite
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mean $\mu$ $\epsilon>0$ $w_{0}=w_{0}(\mu, \epsilon)\in S$ ,
$\int T(h+s+w)xd\mu(s)-T(h)(\int T(s+w)xd\mu(s))||<\epsilon$
$h\in S,$ $w\geq w_{0}$ .
Lemma 3.1 , Opial Banach
[1, Lemma 3.2], [10, Lemma 2.5],
[17, Lemma 32] Banach
[2, Lemma 3.1] , [3, Lemma 3.3], [4, Lemma
3.3] .
Lemma 32. $C$ Banach $E$ , $S=\{T(t)$ :
$t\in S\}$ $C$ nonexpansive semigroup $F(S)$ . $X$ $B(S)$
$1\in X$ $s\in S$ $r_{s}$-invariant , $x\in C$
$x^{*}\in E^{*}$ , $t\vdash+\langle T(t)x, x^{*}\rangle$ $X$ . $x$ $C$ . $\{\mu_{\alpha} : \alpha\in I\}$
$\text{ }\{\lambda\beta : \beta\in J\}\text{ }S\text{ }\sigma\supset \mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}$ means (7) net $- c^{\backslash }\backslash$
$\lim_{\alpha}||\mu_{\alpha}-r_{t}^{*}\mu_{\alpha}||=0$ and $\lim_{\beta}||\lambda_{\beta}-r_{t}^{*}\lambda_{\beta}||=0$ $(t\in S)$
. , $S$ net{p\mbox{\boldmath $\alpha$}: $\alpha\in I$ } $\{q\beta : \beta\in J\}$
$\mathrm{h}.\mathrm{m}\alpha||a\int T(t+p_{\alpha})xd\mu_{\alpha}(t)+(1-a)w_{1}-w_{2}||\begin{array}{l}=\lim\beta\end{array}||a\int^{-}T(q\beta+t)xd\lambda_{\beta}(t)+(1-$
$w_{1},$ $w_{2}\in F(S)$ $a\in[0,1]$ .
Remark 3.3. Lemma 32 $p_{\alpha}’\geq p_{\alpha},$ $q\beta^{J}\geq q\beta$ $S$ nets $\{p_{\alpha}’\},$ $\{q\beta^{l}\}$
. ,
$\lim_{\alpha}||a\int T(t+p_{\alpha}’)xd\mu_{\alpha}(t)+(1-a)w_{1}-w_{2}||=\lim_{\beta}||a\int T(q_{\beta}’+t)xd\lambda_{\beta}(t)+(1-a)w_{1}-w_{2}$
$w_{1},$ $w_{2}\in F(S)$ $a\in[0,1]$ .
Hirano, Kido and Takaha [12] .
Lemma 3.4. $C$ Banach $E$ , $S=\{T(t)$ :
$t\in S\}$ $C$ nonexpansive semigroup $F(S)$ . $X$ G $B(S)$
$\mathrm{I}\in X$ $s\in S$ $r_{s}$-invariant , $x\in C$
$x^{*}\in E^{*}$ , $t\vdash+\langle T(t)x,$ $x$ ‘) $X$ . $x$ $C$ . $\{\mu_{\alpha} : \alpha\in I\}$
a $\{\lambda\beta : \beta\in J\}\text{ }S\text{ }\mathit{0}2$ finite means $\mathcal{O}\mathit{3}$ net $\text{ ^{}\backslash }\backslash$
$\lim_{\alpha}||\mu_{\alpha}-r_{t}^{*}\mu_{\alpha}||=0$ and $\lim_{\beta}||\lambda_{\beta}-r_{t}^{*}\lambda_{\beta}||=0$ $(t\in S)$




$\alpha\geq\alpha \mathrm{o}(\epsilon,t)$ $p\in S$ .
Banach $E$ net{z\mbox{\boldmath $\alpha$}} weak ($v$-limit set
$\omega_{w}(\{z_{\alpha}\})=\{z\in C : \mathrm{w}-\lim_{\beta}z_{\alpha_{\beta}}=z\}$.
.
Remark 3.5. $E,$ $C,$ $S=\{T(t) : t\in S\},X,$ $\{\mu_{\alpha}\}$ Lemna3.4




Falset, Kaczor, Kuczumow and Reich [9] ([13,
14] ).
Lemma 3.6. $E$ $E^{*}$ Kadec-Klee Banach
. $\{z_{\alpha}\}$ $E$ net $w_{1},$ $w_{2}\in\omega_{w}(\{z_{\alpha}\})$ $a\in[0,1]$
$\lim_{\alpha}||az_{\alpha}+(1-a)w_{1}-w_{2}||$
, $\omega_{w}(\{z_{\alpha}\})$ 1 , , z $C$ .
4.
, Kadec-Klee Banach
Lemmas 3.2,3.4,3.6 Remarks 3.3,3.5
. (Theorem 42) .
Lemma 4.1. $E$ $E^{*}$ Kadec-Klee Banach
. $C$ $E$ , $S=\{T(t) : t\in S\}$ $C$ nonexpansive
semigroup $F(S)$ . $X$ $B(S)$ $1\in X$ $s\in S$
$r_{s}$-invariant , $x\in C$ $x^{*}\in E^{*}$ , $t-\neq\langle T(t)x, x^{*}\rangle$
$X$ . $x$ $C$ . $\{\mu_{\alpha} : \alpha\in I\}$
$\lim_{\alpha}||\mu_{\alpha}-r_{s}^{*}\mu_{\alpha}||=0$
$(*)$
$s\in S$ $S$ finite mean net . $x$ $C$ .
$\int T(h+t)_{X}d\mu_{\alpha}(t)$ $S=\{T(t) : t\in S\}$ $y_{0}$ $h\in S$
. , $y_{0}$ $(*)$ finite mean net $\{\mu_{\alpha} : \alpha\in I\}$ ,
$X$ invariant mean $\mu$ $y_{0}=T_{\mu}x= \int T(t)xd\mu(t)$ .
$X$ $B(S)$ $1\in X$ , $s\in S$ $r_{s}$-invariant






(c) $\lim||\mu_{\alpha}-r;\mu_{\alpha}||=0,$ $s\in S$.
Lemma 4.1 , $[1, 4]$ ( $[13, 14]$
).
Theorem 4.2. $E$ $E^{*}$ Kadec-Klee Banach
. $C$ $E$ , $S=\{T(t) : t\in S\}$ $C$ nonexpansive
semigroup $F(S)$ . $X$ $B(S)$ $1\in X$ $s\in S$
$r$ .-invariant , $x\in C$ $x^{*}\in E^{*}$ , $t\vdasharrow\langle T(t)x, x^{*}\rangle$
$X$ . $x$ $C$ . $\{\lambda_{\alpha} : \alpha\in I\}$ $X$ strongly regular
net . , $\int T(h+t)xd\lambda_{\alpha}(t)$ $S=\{T(t) : t\in S\}$ $y_{0}$ $h\in S$
. $y_{0}$ $X$ strongly regular net $\{\lambda_{\alpha} : \alpha\in I\}$
, $X$ invariant mean $\mu$ $y \mathrm{o}=T_{\mu}x=\int T(t)xd\mu(t)$
. , $x\in C$ , $Qx= \mathrm{h}.\mathrm{m}_{\alpha}\int T(t)xd\lambda_{\alpha}(t)$ , $Q$
$C$ $F(S)$ nonexpansive mapping , $QT(t)=T(t)Q=Q$
$t\in S$ , $Qx\in\overline{\mathrm{c}\mathrm{o}}\{T(s)x:s\in S\}$ $x\in X$
.
Remark 4.3. (Theorem 4.2) Lemma 4.1 , Lem-




Theorem 4.4. $E,$ $C,X$ $S=\{T(t):t\in S\}$ Theorem 4.2 , $x$ $C$
. , $\{T(t)x : t\in S\}$ $s\in S$
$T(s+t)x-T(t)xarrow 0$
. , $\{T(t)x:t\in S\}$ $\{T(t):t\in S\}$
.
Remark 2.1 , 4.2 .
Theorem 4.5. ([12]) $E$ Fr\’echet Banach
. $C$ $E$ , $S=\{T(t) : t\in S\}$ $C$ nonexpansive
semigroup $F(S)$ . $X$ $B(S)$ $1\in X$ $s\in S$
$r_{s}$-invariant , $x\in C$ $x^{*}\in E^{*}$ , $t\vdash\prec\langle T(t)x, x.\rangle$
$X$ . $x$ $C$ . $\{\lambda_{\alpha} : \alpha\in I\}$ $X$ strongly regular
net . , $\int T(h+t)xd\lambda_{\alpha}(t)$ $S=\{T(t) : t\in S\}$ $y_{0}$ $h\in S$
. $y0$ $X$ strongly regular net $\{\lambda_{\alpha} : \alpha\in I\}$
, $X$ invariant mean $\mu$ $y_{0}=T_{\mu}x= \int T(t)xd\mu(t)$
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. , $x\in C$ , $Qx= \mathrm{h}.\mathrm{m}_{\alpha}\int T(t)xd\lambda_{\alpha}(t)$ , $Q$
$C$ $F(S)$ onexpansive mapping , $QT(t)=T(t)Q=Q$
$t\in S$ , $Qx\in\overline{\mathrm{c}\mathrm{o}}\{T(s)x:s\in S\}$ $x\in X$
.




Theorem 4.2 ([12, 21] ).
Theorem 5.1. $E,$ $C$ Theorem 4.2 . $T$ $C$ nonexpan-
sive mapping $F(T)$ . $x$ $C$ . , $(1/n) \sum_{i=0}^{n-1:+k}Tx$
$T$ $k\in \mathrm{N}$ .
Theorem 5.2. $E,$ $C,$ $T$ Theorem 5.1 . $x$ $C$ . ,
(1-s) $\sum_{i=0}^{\infty}s^{i}T^{i+k}x$ $s\uparrow 1$ , $T$ $k\in \mathrm{N}$ .
$Q=\{q_{n,m}\}_{n,m\in \mathrm{N}}$ matrix :
(a) $\sup_{n\in \mathrm{N}}\sum_{m=0}^{\infty}|q_{n,m}|<\infty$ ;
(b) $n. arrow\infty \mathrm{h}\mathrm{m}\sum q_{n,m}=1;\infty$
$m=0$
(c) $\lim_{narrow\infty}\sum_{m=0}^{\infty}|q_{n,m+1}-q_{n,m}|=0$ .
$Q$ strongly regular matrix ([16]). $Q$ strongly regular matrix
, $m\in \mathrm{N}$ , $narrow\infty$ $|q_{n,m}|arrow 0$ ([12]
).
Theorem 5.3. $E,$ $C,$ $T$ Theorem 5.1 . $Q=\{q_{n,m}\}_{n,m\in \mathrm{N}}$ strongly
regular matrix . $x$ $C$ . , $\sum_{m=0}^{\infty}q_{n,m}T^{m+k}x$ $T$
$k\in \mathrm{N}$ .
Theorem 5.4. $E,$ $C$ Theorem 5.1 . $T$ $U$ $C$
nonexpansive mapping $UT=TU$ , $F(U)\cap F(T)$ . $x$ $C$
. , $(1/n^{2}) \sum_{i,j=0}^{n-1}U^{i+k}T^{j+h}x$ $T$ $U$ $k,$ $h\in \mathrm{N}$
.
$C$ Banach $E$ , $S=\{T(t) : t\in \mathbb{R}^{+}\}$ $C$
$C$ . , $S$ $C$ one-parameter
nonexpansive semigroup :
(i) $t\in \mathbb{R}^{+}$ $T(t)$ nonexpansive ;
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(ii) $T(0)=I$;
(iii) $T(t+s)=T(t)T(s)$ $s\in \mathbb{R}^{+}$ ;
(iv) $x\in C$ $t\vdash+T(t)x$ .
Theorem 55. $E,$ $C$ Theorem 5.1 . $S=\{T(t) : t\in \mathbb{R}^{+}\}$ $C$
one-parameter nonexpansive semigroup $F(S)$ . $x$ $C$ .
$(1/s) \int_{0}^{s}T(t+k)xdt$ $S$ $k\in \mathbb{R}^{+}$ .
Theorem 5.6. $E,$ $C,S=\{T(t) : t\in \mathbb{R}^{+}\}$ Theorem 55 . $x$ $C$
. $r \int_{0}^{\infty}e^{-tt}T(t+k)xdt$ $r\downarrow 0$ , $S$ $k\in \mathbb{R}^{+}$
.
$\mathbb{R}^{+}\cross \mathbb{R}^{+}$ $\mathbb{R}$ $Q$ :
(a) $\sup_{s\in \mathbb{R}+}\int_{0}^{\infty}|Q(s,t)|dt<\infty$ ;
(b) $s.arrow\infty \mathrm{h}\mathrm{m}[_{\wedge}^{\infty}Q(s,t)dt=1$ ;
(c) $\lim_{s\prec\infty}J_{0}$ $|Q(s, t+h)-Q(s, t)|dt=0,$ $h\in \mathbb{R}^{+}$
$Q$ strongly regular kernel .
Theorem 5.7. $E,$ $C,S=\{T(t):t\in \mathbb{R}^{+}\}$ Theorem 5.5 . $Q:\mathbb{R}^{+}\cross \mathbb{R}^{+}arrow$
$\mathbb{R}$ strongly regular kernel . $x$ $C$ . $\int_{0}^{\infty}Q(s, t)T(t+h)xdt$
$sarrow\infty$ , $S$ $h\in \mathbb{R}^{+}$ .
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